1395

for Bustamatie Dovalosoment

Stanislav Vassilyev,

Vladimir Baturin,

Anatolin Lakeyev

Irkutsk Computing Centre

Siberian Branch of Russian Academy of Science
Lermontov st., 134 Irkutsk 664033, Russia

Abstract  Multilevel decizion-making systems, are
cansiders] in a framework of sustainable develope-
ment. The property of existenee of an optimal | in
some special sonses ) vector of all systems controls is
called the harmonizability of interests of the parties. A
few poaslble statements of the harmonization problems
are presented and some conditions of thelr solvability
are given,

L INTRODUCTION

The problem of harmonization of interests is actual in
all cases when there are at least two parties, cach of the
parties purswing its goal. In this case, harmonization 15
necessary to eliminate conflicts via achieving the compro-
mise, Examination of harmopizability or Anding out the
conditions, under which harmonization of interests is pos-
sible, 15 & very essential problem of sustainable develope-
ment. At the same time, the intwitive concept of har-
monization itself, which is informal, presumes & number
of different aspects, therefore there exists a lot of mathe-
matical definitions of this concept, cach of them reflecting
some aspect of the harmonization problem.

Censider some of known approaches to the harmoniza-
tion problem. For a hicrarchical two-level system, which
is composed of & coordinating center and a few 24 level
subsystems, M. Mesarovie proposed [ 1] a concept of coor-
dination. Such a system is called coordinable if there ex-
1ls w contral of the center to Lhe :su]:lu'_n':til:t‘ﬂi, under which
the local conteol of each of the subsystems maximizes s
own quality criterion, and the set of these local controls
simultanecusly maximizes the global guality criferion for
ithe center.

Some: elements of intuitive understanding of the har-
monization concept are contained also in the definition
of Nash equilibrium { in a noncooperative game of a few
players . In cooperative games, harmonization of interests
may be realized by the maximom extension of coalitions
and via dynamically stable sharing the gain ( L. Petrosyan

*This work was supporied partially by the Rassian Foun-
dation of Fundamenial Researches

[2]). In mathematical programming, a problem of co-
ordination of regional and branch plans which is rather
gimilar to the problem of Mesarovic coordinability, has
been considersed [ K. Bagrinovsky [ 3] ).. A valuable con-
tribution to the problems under consideration has been
introduced also by Hermeier-Maiseev©s school, this partic-
ularly, concerns the finding of Nash strong stability con-
ditions, furthermore, both in static and dynamic state-
ments [ Yu.Hermeier, ILVatel [ 4 |, A.Kononenko [ 5],
E.Konurbayew [6 ] ).

This paper proposes a few new delinitions of harmoniza-
tion, which are of interest for practice and formalize some
other aspects of the harmonization problem for dynamic
systems. First resulls of inverstigation of corresponding
problems are given.

I OPTIMIZATION APPROACH

This section presenls some statemenis for the prob-
lems of the type of "Local administration-Industrial en-
terprise”,

Consider a system whose behavior is described by an
ordinary differential { or difference ) equation:

x=%{xu), xeE K" 1T =[1y 1] (1}

(or z(t+ 1) = B(t, z(t)n), t=1,2,...},

where v s the conbrol, u = (v, w) g Vx W C R" = B*,
i.e. there are two players, each of them governs its finite-
dimensional eonteal 2 the first governs the conteal v, the
second = w, Suppose, the first plaver may choose it control
v depending on the second player®s control  w [ laws,
porms and rules of taxation, penaliies, investment, ke,
allow variations for the purposes of more fexible influence
on the business activity, purity (pollutionlessness) of tech-
nologies, ete. |, ie. the control ¢ will be considered to be
represented by the function v T x B" x W =V, which
belongs to s class of admissible functions V (for example,
cantinwous, piecewise-continuous and other functions).

The secomd playver's control will be considered as de-
pending only on time, b2, w T — W, from some class
W (for example, continuous, measurable, ete.).



Henceforth, we also assume that the initial moment 1
and the initial state xg are fixed, and the right-hand side
& of eq. (1) and the classes of functions V' and W are
chosen such that for any v € V¥, w € W there exists a
unique and continuable on T K-solution (solution in the
sense of Carateodory) of the initial value problem

{i = ®(t, x,v(t, x, w(t)), w(t)), @)
z(ta) = Xp

which will be denoted by (-, to, xa, v, w) (or by z{t, v, w)).

Suppose also that interests of each of the players are rep-

resented by the corresponding wector quality criteria

o ¥ W= 8™ - for the 1st player, 4
T .V x W = R™ — for the 2d player. ©

For each fixed ¢ € ¥ we will also consider the eriteria
J (t,-) and I (7, -) as the functionals defined on W, and
denote the Pareto sets of the firsst and the second players
with respect to thess functionals by, respectively, P7(0)
and Pr() . Let us also denote by P the Pareto set for
the functional [ as & subsef from WV = W.

Defintlion 1 (strong harmonization). Lel us speak that
the property of strong harmonization (SH) helds for the
problem (1}, (3) iff

(Jv € VY[ Pr(v) £ 0 & Yw € W(w € Pri{v) —

= (v, w) € Pr)).

Nate, in the scalar case {my = my = 1), the property
(S0} may be written in the form

(v &€ V)[(Zwo € W T{r, wy) = max{Z{v,u') |

w' € WHk(¥w € W I{v, w) = max{I{v, w') |
w' € W} = Jiv,w) = max{J(e', w') | v' € V&u' € W)]

Let us propose the existence criterion for the prop-
erty (SH) for this ease by using a combination of a
Lyapunov-Bellmann-type function and some auxiliary
equation (comparison system ).

Theorem 1, Let my = o = 1 and the functional 7 be
terminal, 1.e.  J{v, w) = F{z{i, v, w)), where F : §* —
R

Let also for some vy € V there exists a continuous dif-
ferentiable function @ : T % R™ — ' and & sealar system
[comparizon sysbem )

{ ¥ =&t ¥, w),
y{to) = plto, Xo)

where &, : T % B x W — R, and the class of controls
w & W is the same as for the second player, and with the
quality eriterion I (w) = y(t; , w), which are such that the
following conditions hold.

(4)

1* . There exists at least one solution of the optimal
control problem max{Z{vy, w) | w € W} for the system

{ =8, x, vl x, w), w),
z(ta) = %p.

¥ . Let for any w € W there exists a unique and
continuable on T solution of the initial value problem (4)
and Carateodory conditions for the function ®.(t, ¥, w(t))
hold.

3 . If some wy € W is optimal in the problem (5),
then it is optimal also for the companson system (4], i.e.
it maximizes T,.

()

4. (e, x)/0x, @1, x,vll, x, w),w)) =
m“l.ri\"('ﬁlﬁ“{tl“”h}l Pt x, v, w).

5%, Bt x) /81 + (Bp(t, x)/0x,
¢Et1 X, ‘L'n{f, X, "'L h'l':” = '.:"t“ L] Iil?{[. E:I. W}.

6%.2(0,, %) = Fix).

Then the control vy provides for satisfaction of the
strong harmonization property for the problem (1), (3).

Remark, Conditions 2°, 4% 5° and 6* are ordinary for
earmparison method theorems | 7 ), furthermore, 4% and
5% provide the satisfaction of both differential inequalities
on any controls and differential equalities on oplimal ones,
and from 8 it follows that JF{vg, wy) = To{w).

Condition 1" may be provided by standard conditions
of existence of an optimal solution of the type of compact-
ness, convexity, ete.

Condition 3* is the comparison property for the proper-
ty (SH) and may be simplified, in some sense, Tor further
investigations. For example, we may require optimality in
(4} for all controls satisfying Pontryagin's maximum prin-
ciple for the problem (5) (in the case when the criterion
T is of Boltz type ). This may turn out to be more casy
verifiable (since the requirement of finding optimal solu-
tions is eliminated in this case), or else we may replace
the optimality condition for wy in the problem (5) with
another condition necessary for optimality, On the other
hand, if e.g. ¥, does not depend on w (i.e., in Condition
5, w does not enter in &), then Condition 3° is satisfied
automatically,

Let us give definitions of other two properties, which
are weaker than the property (SH) but also include some
elements of the harmonization concept.

Definition 2 (Pareto maximization). Let us speak that
the control vg solves the Pareto maximization (PM) prob-
lem iff Priwa) #£ @ and for any we € Priug), for any
(r,w) € V x W such that w € Pg(v)

T (va, wy) f,j’{u.w},wlmre: Syeax=yVaix > ¥i-



In the scalar case (my = my = 1), this property can be
written as follows:

il wy € argmax {I{vo, w) | w € W} # @ then
J{vo, wo) =max {F (v, w) | v € Viw € argmax {I{v, w') |
u’ € Wil

Defirttion 3 {weak harmonization). Let us speak that
for the Problem (1), (3) the property of weak harmoniza-
tion (WH) holds iff

(3w e V) (Prlv) # 8 & Pr(v) € Prlv))

In the scalar case, the latter means that argmax
{F(v,w) | we W} 2 argmax {T(v,w) [we W] £0

Note, if the control vy € V satisfies property (WH] then
it will satisfy also the conditions of Definitions 2 and 3.
At the same time, whereas properly (PM), in the scalar
case, may always be provided at least with the help of the
minimizing sequence, properties (SH) and [WH) are not
always satisfied.

I OPTIMALITY WITH DYNAMICS

Above we considered an optimization approach to for-
malization of harmonizability of interesta. On the other
hand, it is possible to consider harmonizability as a com-
plex dynamic controllability property which will be also
called sustainable development [513), Purthermore | such
a property [tvpical of harmonizability] as elimination of
sharp contrasts may be considered. Elimination of sharp
contrasts must be: 1) "smooth”, 2) secure, 3) purposeful,
4} stable.

The second and third aspects may be formalized as a
dynamic property of controllability in some set & under
phase constraints P at the moments of leaving & | fur-
thermore, the time for which the trajectory leaves & shall
nob be large (shall be not more than A, ).

The first aspect ("smoothness") may be understood as
almeost monotonicity with respect to some quality criterion
flu, ) along time, 1.2, monotonicity may be violated but
not mare than by ¢ and not for long (the time interval of
violated monotonicity is less than Ag). Here the control
u belangs to a class I of admissible controls, and it is oot
necessery that & has a structure of production ¥ x W [ it
is not necessery that uw = (v, w)).

Let us give a precise formulation of the above property.

(SD) = Su e {Vxp € X" V([ fo, xa,0) U > 1g
[=(t) € GOk

ki > z(ti) € Pk

K { Wis >0 ; 2(ia) & Gla) Wiz > 15 : 2(iz) € Gliz)
ta — f3 < Ay W 3y € 2, 83] 2(ls) € GH4))e

& (V' € [to,t] (V" € [to, 1] : 1" < 17)

fit', =(0)) = FO°, 21" )V

V(" =1 < Ag & {1, 2(17)) = FU07, 2(7)) £ )]

To obiain the criterion of existence of the property (50
consider an auxiliary (simpler) system in R, which is
called also the comparison system

il = *E[I'leluﬂ{tle}}l -:E E lftll H:-I E Hl [ﬁ}
and the comparizon property (3D)., which is similar to
the property (SD) [ 7). The tuple (v, ) including of the
function v : T % K™ — f&* and the map s : & — U, will be
called the vector comparison function (VCF) for systems

(1), (6) if the connection condition of the following form
holds

(Wu € i) (Yxg € Xq) (¥E € domz 1 domz,)

¥(t, 2(2, 10, X0, u)) = 21, fo, Xoe, e

where ue = s(u), X = vifa, %0}

Theorem 2 (comparison theorem for (SD)). Let for the
systems (1}, (6) there cxists a VOF (v, s),v: T =% B* —
K, &: 0 — U, such that

1¥(Xo) € Xoa, VUGN C G, v P C P

2} the solutions z(:, g, Xg,u) of the system (1) are
rihgl-continuable for all xp € Xg, w € i, the solutions
Tol-ybo, Kea, g} of the system (B) are night-continuable for
all x.. € v(Xo), ue € s(d);

d) Ay £ Ay, Age £ Ay

4) LA, W, X)) < L0, 007, x")) — fiY,x) £
", x");

5) felt, vt X)) = fu{t" W17, x")) € €0 = fiY',X") =
fit",x") =«

Then (5D, = (SD).

IV.THE PROBLEM OF HARMONIZATION FOR A
MODEL
"LOCAL ADMINISTRATION - INDUSTRIAL
ENTERPRIZE™

Consider the following model of functioning of an enter-
prize, for which the mechanism of penalties for perturbing
ecological equilibrinm is formalized.

Let timne § vary discretely (£ = 0,1, ...], o{f) be the annu-
al mass oulput of products, ®i(1) be capital manufacturing
funds. Suppose also that the relationship between v and
& may he described by the Cobb-Douglas mamufacturing
funetion

0 < oft) < ke (@(1))7* = V1) (7)
where L, 5,04 are constants, kg op > 0,V(1) is the
production capacity of an enterprise { maximum possible
output §.

Denote by () capital funds for purification devices of
the enterprise, (1) - purification intensity, Z({) - capasity



of purification devices, The latter functions are connected
by the dependences

0 < (1) < Z(t) = (1), (8)

where & > 0 is conslant.
Suppose, the variation dynamics of funds is described
by the equations

Bt + 1) = kgd(e) + B I{t) + K21t = 1),
(2)
e+ 1) = (1 = Ay (e) + I*(¢),
where [ and I are investments computed from the
profit rate of the enterpriss.
In order to determine the profit rate, let us introduce
the lollowing notation:
L{t), L3(t) - number of workers in the manufacturing
and in the purification works, resp.;
L{t) = AulL), L5(1) = A" =(t), A, N - const.;
M), M*(1) - wages funds;
M(t) = mL{t), M*(t) = m* L*(t), m, m - const.;
INE), D¥ (1) - depreciation rate;
D{) = de(i), D) = d*D*(t), d,d* - const,;
av(t), a®z(t) - direct manufacture and purification; a,a®
- eomat. )
TL{t), I L3 (1) - cost of labour resources; 11 - const.;
(1) - pollution;
wl(f) = &o(t) — (1), § - comsi;
5r() - penalty function.
Aszsume, the penalty function is

aw, DSk
Slwl=14 S, @=k
0, =0

where ¢, &k - const, & > ¢, k i5 the threshold after
which the penalties abruptly increase (other variants of
the penalty Tunction are possible),

The function 5.(t) will be represented as the som
5e( ¥) = 5}() + S}(), where

ap, 0Epsk
Sp)={ ak, o>k
0,

pal
Determine pow the manufacturing cost of the produc-
Lion

0, pek

:EH'F']= {E'!P—'fl.-k. ek

S(t) = D() + D*(1) + av(t) + a*=(1) + M{1) +

MO8+ LLQ) + P LA (1) + 52w (10)

and the total annual profit

A1) = v(t) = S(1).

Let o be the payments to the regional budget | & is
const, then the residual profit is

plt) = (1 — e)@lt) — 57 (#(t)).

Next, the residual profit is subdivided into the labor
stimulation fund and the development fund;

T (l) = Ep(t), (L) = (1 — &)p(t), § — const.
Then, total capital investments will write
(e} = I°(t) + @, (1),

where [°(t) are centralized capital investments; and af-
ter that are subdivided into production investments and
purification investments:

Ity = ~1°(0), Fi{t)y= (1 = +°(1), ¥ — const.

Let us solve the problemy of harmonization of interests
between an enterprise and the local administration on each
slep from{ to 41 . FPurthermore, as the criteria, we choose
the following:

# an eoferprise tends to maximize its residual profic
I=plt+1);

# local administration lends to maximize some linear
combination of production and pellution

J =ty = e, 0, i = const o, e > 0,

e, Eo increase the mass output v and to reduce the pol-
lution =.

Do aceount of @ = Ev — 2, the criterion T may be wril-
Len J = () = neflv 4 pez, and it 15 reasonable to assume
that iy = pef > 0, since, otherwise, the local adminkstra-
tion will not be interested in increasing the production
output.

Hence, we have the following problem.

Let the functions $(2), $*(t), I{f — 1), @£}, (L) be der-
ermined on a step ¢, Then, for T{t) and I* (1) we have

) =+ (1) 4+ (1 = &)p(1)]

F{t) = (1= )[I*(6) + (1 - £)o()]

and from eqs. [9) it is possible Lo determine €t 4 1),
Pt + 1) and also the production capacities Vg =

= V(4 1),Z5 = (1 + 1). From eq. (10} we obiain the
expression for p(f + 1):

plt + 1) = pleft + 1), 2(t + 1)) =

(1 = o)t + 1) = 52 (lt + 1))/(1 - a)] =

(1 =)ot + 1) = St + 1) = 32 {p(t + 1))/(1 = a)] =
=(1—a)[{l —a)e{t + 1) — & z(t + 1)—

—52Ee(t + 1) — z(t + 10) = DOt + 1))

—_
—

where @ = [m{A+a, a° = (m® 414" $a° the fonction
52 has the structure:

ap, 0sp=k
Se)=¢ alp-k+kla+e), >k
0, pl



where ep = Ef{l-a) > &), e = (f=¢y)f(1=a) > 0, and
DPt+1) = D{t+ 1)+ D (t+ 1) = db(f+ 1)+ ¢t + 1)
does not depend on ot + 1), =0t + 1).

Consequently, for the enterprise under consideration we
obtain the maximization problem for the function

pv,2) = (1 - a)[(1 = 3w - '3 — §2(év - 5) - DY)
under the constraints ( 7 ), ( 8 ), i.e
Dw< Vo, 0z < 30,

and for the local administration - the maximization prob-
lem for

J(v,z) = (m —nale +
under the same constraints,

In thiz case, the function 5. 18 the control function of
the local administeation, i.e. the administration states the
cocfficients oy, &, and the threshold & ; and the outputl v
and the purification intensity = are controls assigned by
the enterprise.

In aceordance with Definition 1, the problem of strong
harmonization in this case consists in finding such a fune-
tion S that the set of tuples (v, 2}, in which maximum of
p(v, z) is achieved, be contained in the set of tuples (v, 2),
for which maximum of J(v, 2) is achieved.

Theorem 3. The profitability condition & + a*f < 1 s
both the necessary and sufficient condition of solvability
of the strong harmonization problem ( SH ) for a given
model, furthermore, the function 5, solves this problem
iff one of the following conditions holds:

N0<EVa—Zo <k, & < < (1 =a)E

2 EVy—Zo = k, & <1 < (1-a)E;

3) E[1+E(&— e /({1 = @)l — o) — &) <
< Vo + o,

@ < &/(1-a) < (1-a)fe.

V. CONCLUSION

We have introduced a few new mathematieal definitions
of the intuitive concept of interests harmonization for Lhe
players. In future it is also interesting to include in for
malization of the coneept some aspects of lime variability
of the gquality eriterion ilsell,

We have also stated some conditions for existence of
these properties, particularly, in terms of Lyapunov-like

functions. It is important to develop some constructive
procedures of finding these funciions. For some classes of
noalinear systems and for their properties of contrallabili-
by type in [ 8 | we have proposed such sort of constructive
procedures, [t is necessery now to extend them onta the
the property (5D} and other abovementioned definitions
of harmonization taking into aceount the basic recammen-
dations of United Nations QOrganization whichare vitally
important for regions too [9].
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